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We extend the discussion of mirror symmetry, Picard-Fuchs equations, instanton corrected
Yukawa couplings and the topological one loop partition function to the case of complete
intersections with higher dimensional moduli spaces. We will develop a new method of
obtaining the instanton corrected Yukawa couplings through a study of the solutions of
the Picard-Fuchs equations. This leads to closed formulas for the prepotential for the
Kahler moduli elds induced from the ambient space for all complete intersections in
nonsingular weighted projective spaces. As examples we treat part of the moduli space of
the phenomenologically interesting three generation models which are found in this class.
We also apply our method to solve the simplest model in which topology change was
observed and discuss examples of complete intersections in singular ambient spaces.
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1. Introduction:
Complete intersection Calabi-Yau manifolds embedded in products of projective
spaces (CICY) are the most prominent candidates for the compactication of the heterotic
string. They have been intensively studied. Let us point out briey the main results; a de-
tailed account from a physical point of view can be found in [1]. Using the c
1
= 0 condition
and curve identities it was recognized in [2] that all CICY's can be described by nitely
many congurations of polynomials in products of projective spaces. Each conguration
leads to a family of Calabi-Yau spaces whose generic member is smooth. By a computer
classication 7868 congurations with Euler numbers between  200 and 0 were found in
[3] [4]. In [5] all their Hodge numbers were calculated. There occur 265 dierent com-
binations. Application of a theorem of Wall [6] which states that the homotopy types of
























, reveals that there are at least 2590
topologically dierent models in this class [7]. Green and Hubsch have shown in [8] that
all families of CICY's are connected by the process, already described in [3], of contracting
a family to a nodal conguration and performing a small resolution of the latter. Certain
quotients of them by discrete groups were constructed in [9] and [10] which have Euler





) and give rise to heterotic string compactications with three generations
and a natural option to break the E
6
gauge group by Wilson lines.
In this paper we want to extend the analysis of the Picard-Fuchs equations, the con-
struction of the mirror map and the calculation of the instanton corrected Yukawa cou-
plings, which was performed for one moduli hypersurfaces in a (weighted) projective space
in [11] [12] [13] [14] and generalized to higher dimensional moduli spaces of general hyper-
surfaces in toric varieties in [15] [16] to the class of complete intersections in products of
weighted projective spaces. It is natural to focus on the derivation of the prepotentials for
the complex structure and the Kahler structure deformations, which encode all informa-
tion of theses two (topological) subsectors of the theory at tree level. The knowledge of
the prepotentials is quite relevant for the low energy phenomenology of the subsector of
the moduli- and the 27, 27 matter elds in the eective eld theory.
We will show that there is an easily exactly solvable subsystem of the complex struc-
ture deformations, namely the one which is, by the mirror map, associated to the quantum
cohomology of the subset of the elements in H
1;1
(X;Z ) induced from the Kahler forms of
the projective spaces. We focus on this subsystem and present results in a closed form for
the instanton corrected cohomology of this system. In general the moduli space is enlarged
due to exceptional divisors coming from the resolution of possible singularities. This sit-
uation we have treated quite generally for hypersurfaces in [16]. Here we will give two
simple but illustrative examples how to deal with the exceptional divisors in the complete
intersection case.
Even in the smooth case there are usually more elements in H
1;1
(X;Z ) than the ones
mentioned above. For the counting and the calculation of intersections of the latter see
[1]. If they correspond under the mirror map to complex structure deformations, which
can be represented as deformations of the polynomials by vector monomials, they can
in principle be incorporated. This is e.g. the situation for the Tian-Yau manifold. If a
1
Landau-Ginzburg prescription of the model is available, also perturbations which are not
of this kind, can be represented as roots of monomial deformations, as was suggested in
[17].
Our approach covers all cases treated in [11][12][13][14][18] [19] [20]. Due to threefold
isomorphisms, it also covers the two two-moduli Calabi-Yau spaces which were treated in
[15] and among others in [16], namely the degree 8 hypersurface in IP
4
[2; 2; 2; 1; 1] and the
degree 12 hypersurface in IP
4
[6; 2; 2; 1; 1]. We will see moreover that the described subsys-
tems provide simple examples of higher dimensional Calabi-Yaumoduli spaces, the simplest
case being the subsystem of the Tian-Yau manifold. Apart from being phenomenologically
interesting, there exists also a detailed mathematical study on the rational curves of this
manifold [21].
We organize the material as follows. In section two we shortly review how to calculate
classical intersections numbers. In the third section we explain our method of deriving the
system of Picard-Fuchs equations. In section four we exhibit the general structure of the
solutions of the Picard-Fuchs equations. This, when combined with the mirror hypothesis,
leads to the main result of this section, namely a concise formula for the prepotential.
This solves the problem of determining the moduli dependence of the instanton corrected
Yukawa couplings and theWeil-Petersonmetric for the states associated to the Kahlerforms




We demonstrate our method with some selected examples in section ve. In section
six we discuss the connection of certain complete intersection CY manifolds with rational
superconformal eld theories. This way we can also explain the occurrence of identical
invariants for the rational and elliptic curves on some pairs of hypersurfaces and complete
intersections by an identity of conformal eld theories. Following the approach of [22] we
extend in section seven the analysis to the topological one-loop partition function, which





gauge couplings [23] (see also [24]). The expansion of the one-loop
partition function has a conjectural interpretation in terms of Gromov-Witten invariants
for elliptic curves. As the geometrical understanding of these predictions is in a somewhat
preliminary state, we found it useful to use our data to calculate them explicitly for various
one, two and three moduli examples of dierent type. In the nal section we discuss some
open problems and possible avenues for future work.
2. Calculation of the classical topological data of CICY's
We consider in the following complete intersections of l hypersurfaces in products of k
projective spaces. Since most formulas allow for an incorporation of weights we will state
1
Instead of presenting a lengthy list of examples, we distribute the Mathematica program
INSTANTON which calculates the Yukawa couplings and counts the numbers of rational curves
for any complete intersection Calabi-Yau manifold discussed in [3],[4] and other examples in
singular ambient spaces. It is appended to the HEP-TH version of this paper.
2
them for the general case. Denote by d
(i)
j














































































for a conguration. Let us associate to the Kahler forms induced from the i'th projective
space the formal variable J
i
and consider the map  : ZZ[J
1
; : : : ; J
k





















































































It follows from the adjunction formula that the term in the second bracket on the right-
hand side yields, by formal expansion, the total Chern class




















































































































Here we have enforced the vanishing of the rst Chern class. The numerator of the third
term in (2.2) is the top Chern class of the normal bundle of X and the denominator is a
normalization of the volume of the weighted projective space. Applying  to a monomial
of the J
i
's is equivalent to the integration of the wedge product of the corresponding (1; 1)
forms, also denoted by J
i



































Note that these formulas, with the exception of the rst line in (2.4), are valid only for




























is the least commonmultiple
3
of the orders of the isotropy groups of all xed points of the manifold under C

-actions
in the i-th weighted projective space. The modication of the rst two integrals is more







































J ^ J ^ J: (2:6)
In section four we will provide a more illuminative generalization of the formulas (2.4) to the
case of hypersurfaces and complete intersections with desingularized quotient singularities.











































where we use the notation of [16] to display the intersection numbers.
3. Derivation of the Picard-Fuchs equations
We will begin this section by deriving some general results on the Picard-Fuchs equa-
tions as they apply to the models considered here, using the toric data of the manifolds.
This approach gives one period by explicit integration and a holonomic system of linear
dierential operators, which are satised by all periods, but which allows for additional
solutions. Among the nitely many solutions the periods can be singled out by the require-
ment that the monodromy acts irreducibly on them. Technically the problem of specifying
them is solved here by factorizing the dierential operators.
Let us rst show how the system of Picard-Fuchs equations for a restricted set of k
complex structure deformation parameters can be obtained from toric data of the (mirror)
manifolds according to [20]. This system of Picard-Fuchs equations is equivalent to the rst
order Gauss-Main dierential system which describes the variation of the Hodge structure
of H
3
(X;Z ), restricted to the holomorphic and antiholomorphic (3; 0) and (0; 3) forms
and k (2; 1) and (1; 2) forms. By the mirror map we will identify the k complex structure
deformations with the Kahler deformations in the restricted basis of Kahler forms specied
in the previous section.
Here we consider only congurations in which the complete intersection does not






















] is a toric variety which can be described by a (reexive) simplicial polyhedron

i
with integral vertices in IR
n
i
(see refs. [26] [16] for its determination).





], it is also a toric variety
described by the reexive polyhedra  = 
1









In refs. [20] [27] it was conjectured that the mirror manifold of the CICY of type
(2.1) is given by the CICY constructed from the combinatorial data of the dual polyhedron
4

of .  is reexive and the corners of the dual 








































































for each i =























being the unit vector in them'th direction of IR
l




































; : : : ; d
(s)
l
; : : : ; 0; w
(s)
1












The mirror manifold X

can then be written conjectually as the complete intersection
of the vanishing locus of the following Laurent polynomials in the variables X
m;n
; m =
1; : : : ; k; n = 1; : : : ; n
m


















(r = 1; : : : ; l) (3:4)
where the sum is over the (unextended) vertices in the m'th set E
m
. The vanishing loci of










being a convex hull of f0g
and the set E
i
. In ref.[27] the combinatorial aspects of this construction has been nicely
formulated.




j = 1 8m;n, the corresponding period



























can be performed explicitly by expanding the integrand in a multiple power series in the
1=a
m





























(s = 1;    ; k) (3:6)
5
it can be easily veried that the period w
0






































































It satises the generalized hypergeometric system of Gelfand-Kapranov-Zelevinsky with



































































associated to the vector of the coecients of the linear relations l
(s)
, s = 1; : : : ; k given
in (3.3). Here the 
i







. Similarly as in [16] one can
show that these equations are satised for all periods w
j
as they reect the innitesimal
symmetries of (3.5), independent of the cycle chosen. This system is holonomic, which
means that the left ideal I generated by (3.9) in the ring of linear partial dierential
operatorsD is of nite rank rk(I). This implies the existence of rk(I) independent solutions
[28] where rk(I) is always larger than the expected number of periods.
We are interested in a subset of solutions of the system (3.9) which corresponds to
period integrals over the 2k + 2 cycles dual to the restricted basis of H
3
(X;Z ). These
solutions can be characterized by the requirement that the monodromy acts irreducibly on
them [29]. Solving the Riemann-Hilbert problem for the reduced monodromy leads to a
reduced system of (lower degree) dierential operators L
1
; : : : ; L
h
. h denotes the number
of Picard-Fuchs equations; cf. below. In many examples such a system can be specied















() are polynomials in . We remark that this is however not the generic
situation (see [16]). The system L
1
; : : : ; L
h
is again holonomic and generates a left ideal
whose rank is 2(k + 1). In fact this is our criterium to check that a given system of PF
equations is complete (cf. below).
Let us demonstrate the derivation of the system L
1
; : : : ; L
h






















Here and in the following we denote by ; z; n and  the k-tuples 
1












; : : : ; 
k

































= (1; 0; 0; 0; 0); 

1;2
= (0; 1; 0; 0; 0); 

1;3
= (0; 0; 1; 0; 0); 

1;4




= (0; 0; 0; 1; 0); 

2;2
= (0; 0; 0; 0; 1); 

2;3
= (0; 0; 0; 1; 1):
(3:11)


































where we choose ~e
(1)
1
= (1; 0) and
~e
(2)
= (0; 1) for the vertices in the rst and second sets, respectively. The results derived
in the following are independent of how we group the vertices into two sets as long as the
rst set contains three vertices 

1;i
and the second set contains the remaining vertices.


































































= ( 3; 1; 1; 1; 1; 1; 0; 0; 0) and l
(2)
= (0; 3; 0; 0; 0; 0; 1; 1; 1) (3:13)




























via (3.6). The parameters a
i;j
correspond to trivial automorphisms of (3.12) and can be









































In addition to the power series solution the system has eleven logarithmic ones. To obtain

































































The fact that the number of equations equals the number of moduli is special to the
example here. In fact we will see in example (5 vii) that the numbers of linear dierential
operators describing the Picard-Fuchs system locally can vary in the dierent patches of
the moduli space.
3
The components of the l
(k)
refer to vertices 

i;j
with i; j in lexicographic order.
7
Let us nally comment on some generic features of the moduli space of the mirror
manifold and its compactication, as far as we will need them for xing the holomor-
phic ambiguity in section seven. It is always easy to nd the invariance group of the







; : : :. In our example one nds a ZZ
9

























), with  = exp
2i
9
and k 2 Z . Because of
this invariance of the parameter space of (3.12), we have to dene the moduli space of the











easy to see that the parameters (3.6) are in general invariant under the group action on
the Laurent polynomials and hence well dened on the quotient
4
. The fact that (3.6) are




The singularity of the moduli space of the Laurent polynomials at a
i
= 0 due to the
phase symmetries can now always be described by toric geometry. In general one has
to consider as second step also the quotient with respect to invariances of the Laurent
polynomials which are not acting simply by phase multiplication. In our example such


















the multiplicative semigroup of invariant monomials under the ZZ
9








, describing a rational A
2
double point. It is now straightforward to give a toric
description of the moduli space using the secondary fan construction of ref. [30]. The
secondary fan, whose dimension equals the number of Kahler moduli, contains the Kahler
cone. Since it is a complete fan, it gives a toric description of the compactication of
Kahler moduli space; for a review, see also [31]. If we dene a matrix B whose rows are
the generators l
(s)
of the Mori cone, then the columns of B generate the one-dimensional



























)i describes the A
2
double point.
This description of the A
2












The general theory, due to Hironaka, tells us that the compactied moduli space can
be resolved in such a way that all singularities of the Picard-Fuchs equation are regular
divisors with normal crossings and part of the resolutions necessary to achieve this goal
can be described by toric resolution if we start as above. Finding auch a resolution is
necessary in order to analyse the full modular group. A thorough analysis of the modular
groups for Calabi-Yau compactications were given for one moduli examples in [11][13][14]
and for two types of two moduli examples in [15].
4
This generalizes the reasoning, which leads for the quintic to the consideration of z = 1=a
5
[11]as the natural variable.
5
This generalizes the reasoning, which leads for the quintic to the consideration of z = 1=a
5
[11] as the good variable.
6
Here the conventions are as in [32].
8
4. Local behaviour of the solutions, mirror map and instanton corrected
Yukawa couplings
In this section we calculate the singular locus of the Picard-Fuchs equations and discuss
some essential parts of the local behaviour of their solutions. We explain how to introduce
canonical coordinates and x a canonical form of the period vector. This leads to simple
expressions of the instanton corrected Yukawa couplings and the Kahler potential in terms
of the solutions. We will see that all topological data of the Calabi-Yau manifold appear
naturally in this period vector.
It was shown in [33] that general Picard-Fuchs systems have only regular singular
points, i.e. locally the solutions are given by power series or series involving nite powers
of logarithms in z
i
.
Let us now describe the singular locus (cf. [28]). Denote the linear partial dierential
operators of degree m, dened in a neighborhood U of z 2 M (the subspace of the com-















They dene a left ideal I in the ring of partial dierential operators on U . We now intro-




















; : : : ; 
k
is a coordinate
system in the ber of the cotangent bundle T

U at z. The ideal of symbols is dened
by (I) = f(L)jL 2 Ig. The singular locus is S(I) = (Ch(I)   U  f0g), where the
characteristic variety Ch(I) is the subvariety in T

U specied by the ideal of symbols and
 is the projection along the ber of T

U . The fact that (I) is generated by (L
i
) is a
special property of Picard-Fuchs systems. This follows e.g. from the way the Picard-Fuchs
equations are derived by the Grith-Dwork-Katz reduction method and simplies the cal-
























































































Denoting the projections of the components on U by 
i






























= 0 detected so far correspond to the discriminant locus in
the moduli space on which the dening polynomials cease to be transverse, i.e. where
p
1
= : : : = p
l
= 0 and dp
1
^    ^ dp
l
= 0 or, equivalently, where the Laurent polynomials
fail to be 

regular [26]. We calculate for comparison the discriminant of (3.12) at the
end of section (5i). To study further singularities we have to compactify the moduli space.
We can describe the compactication by the toric variety corresponding to the secondary
fan constructed in the previous section. Then we nd with the same method as above a




is due to the ZZ
9
identication of the parameter space discussed above. Such an analysis
can be made for the general case and the singular locus determined this way is used in
section seven in order to x the holomorphic ambiguity for various examples.
From the denition of the (unnormalized) Yukawa-couplings (coecients of the cubic
form  in [34]) and the variational property of the (3; 0)-form [34] one nds (see also
[35]) that the vanishing of the symbols at degree three gives relations for the Yukawa-













; e.g. from (L
1





















. This determines the Yukawa couplings up to a gauge dependent
overall function. The gauge in which the Picard-Fuchs equation are derived is dened by
(3.5) , and the corresponding gauge dependent function can be calculated, up to a constant,
by the methods outlined in [11][16].
These unnormalized Yukawa couplings have singularities on the discriminant of the
Calabi-Yau manifold. From the derivation of the Yukawa couplings in [34][16] it follows
that there is always one component which will appear in the denominator of all the Yukawa-
couplings, which we call the general component 
0
, following [36].
In the following we will demonstrate that the calculation of those Yukawa-couplings
on X

which are functions of the complex structure moduli is not necessary for the purpose
of determining the number of rational and elliptic curves. I. e. one can directly compute
the instanton corrected couplings on X.
Because of the fact that the symbols of I generate the ideal of symbols it is a rather
simple algebraic problem to write down the associated rst order Pfaan system, equiva-
lent to the Gauss-Manin connection. However we found that some local properties of the
solutions are most easily obtained directly from L
1
; : : : ; L
h
. Most important is the analysis
of the solutions around z = 0, which is obviously a singular point in every system derived
by factorization from (3.9). For the analysis it is useful to introduce the ring R, which we
dene as the polynomial ring C[] modulo the ideal I generated by the principal parts I
s









i.e. R = C[]=I: First we note that the I
s
() are homogeneous polynomials and the
solution to I
s
= 0, 8 s is (2k + 2)-times degenerate at  = 0. C[] has a natural vector
space structure with the monomials as orthogonal basis. We can choose representatives
of R as homogeneous polynomials orthogonal to I. The subspace R of C[] spanned by
them has in all cases dimensions f1; k; k; 1g at degrees f0; 1; 2; 3g. As we will now show ,it
can be identied with the vector space of solutions to L
1
; : : : ; L
h
. The grading translates
to the fact that we have one pure power series solution, k solutions with a part linear in
logarithms of z, k solutions with a part quadratic in the logarithms of z and one solution
which has a part cubic in the logarithms. This identies z = 0 as a point where all but
one cycle in H
3
(X) are degenerate[37], which is also referred to as point of maximally
unipotent monodromy[38] and provides precisely the structure of solutions one needs for
the mirror map.
Extending the denition of x! =  (x + 1) to x 2 IR, we dene the coecient c(n+ )
for arbitrary values of the k parameters 
i












By the method of Frobenius, the logarithmic solutions are obtained by taking linear com-












































as a solution. By consideration of the explicit form of the series









= 0; 8 s; (4:6)
are in fact also sucient.























which induces an isomorphism between the vector space R and the vector space of solutions
to L
1
; : : : ; L
k
, as can be seen as follows. An element r 2 R is orthogonal to all polynomials
of the form m()I
s
, where m() is monomial in . As r and I
s
are homogeneous one has
to check orthogonality only for monomials m() of degree deg (r)   deg (I
s
). Suppose r
is of lower degree, then I
s
(4.6) will obviously hold for D








) have positive degree in  and will vanish, after setting  to zero. If
deg (r) = deg (I
s
) + n, then deg (r)   n derivatives of D

= '(r) have to act on I
s
to give
a nonvanishing term. By our choice of the factorials the vanishing of these contributions
is equivalent to r ? m()I
s






Besides the unique power-series solution (3.7) we choose for the k solutions linear in








































The top element of R is unique, up to a constant, which we will x in a moment, and












































































When one actually performs the derivatives w.r.t. 
i
, one has to be careful when treating
the poles of the Gamma-function and its derivatives. We clear up these technical details
in Appendix A.
So far we have only dealt with the complex structure deformation parameters z
i
. To
describe the mirror map between the subsectors of the theory depending only on the com-
plex structure parameters and the complexied Kahler structure parameters
7
, respectively,
we will briey review their common structure. They can be identied with topological eld



























are related to the zero modes of the superpartners
of the energy momentum tensor of the underlying N = 2 superconformal eld theory by










, which are sections of holomorphic line bundles L
2
over the complex and
Kahler structure moduli spaces respectively. There exists a coordinate choice, so-called in-
homogeneous special coordinates t
i
, such that the Yukawa couplings (structure constants)
















of the prepotential. For general coordinate choices the derivatives have to be covariantized
w.r.t. the connection of the line bundle L and the metric on the moduli space. Unlike for
e.g. topological models on manifolds with c
1
> 0 [41] the prepotential F for Calabi-Yau
threefolds cannot be derived from the associativity of the structure constants alone. For
these cases one has on the other hand an additional geometrical structure known as special
geometry, which was discovered rst in the context of N = 2 supergravity theories [42] and
derived for the Kahler and complex structure moduli spaces of Calabi-Yau and/or N = 2
string compactication in [43] [44] [45][39]. It implies that also the Kahler potential for





















On the complex structure side the Yukawa couplings are expressed for a choice of the
holomorphic threeform 












 and the Kahler metric is given by
8
7
Recall that the moduli describing the variation of the Riccic at Kahler metric and the











































to the so-called complexied



















 is dened only up to gauge transformations 
 ! f(z)
 (f(z)
holomorphic) it takes values in a holomorphic line bundle L over the moduli space. The
transformation properties of the quantities introduced are: 





































is then invariant under Kahler and coordinate transformations. The
physical Yukawa couplings appearing in the eective Lagrangian are those for canonically
normalized matter elds.
To relate the solution of the Picard-Fuchs equations directly to F we may use the




























(here and below we again use summation convention). The relation of the coordinates
in Kahler gauge t
i
























Guided by the mirror hypothesis we should have the same structure for the Kahler















































































































, which encodes the instanton corrections.
Starting from (4.10) in z
i
coordinates we have now to make a coordinate transforma-












The reason for picking this quotient is that the invariance of the theory under the mon-
odromies around z
i
= 0 can be identied with the invariance of the topological sigma model




+ 1 of the antisymmetric background eld or equivalently of the
eective eld theory under discrete Peccei-Quinn symmetries. As will become clear below,
this choice identies the form of the prepotential for the complex structure moduli space on
X

with the one expected for the Kahler structure moduli space on X. It strongly resem-
bles the elliptic curve case where the ratios of two arbitrary solutions of the period equation
13
and its inverse satisfy a third order non-linear dierential equations introduced by Schwarz.















The choice of the logarithmic solution for w
1
and the power series solution for w
0
at the
point of maximal unipotent monodromy corresponds then to a = d = 1; b = c = 0. For




; : : : ; q
h
) always have an
integral expansion, which is a necessary condition for obtaining integer instanton num-
bers. One therefore expects that the mirror map plays an important ro^le for the theory of
modular forms on the moduli space of Calabi-Yau space, which however seems to be much
more intrigate as the modular group acts in general non-arithmetically on the geometrical
parameters.





































































By comparison with (4.15) we can view all quantities marked with a tilde, up to one









. In fact, for all complete intersection cases the top element of the ring R
encodes the intersection numbers in the integral basis of divisors coming from the ambient
spaces. This turns out to be true also for the hypersurfaces discussed in [16], for the basis
of divisors which generate H
2
(X;Z ).
After xing the normalisation, we see that the instanton corrected Yukawa coupling
K
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We will use formula (4.18),(4.19), which does not require the evaluation of the Yukawa
couplings on the mirror manifold, to compute a convergent expansion for the instanton
corrected Yukawas and the prepotential in the large radius limit and to predict the number
of rational curves for various manifolds.
So far we have seen that the natural choice for the period vector (4.10) matches the
leading terms in t of the components of (4.15) and leads to a prediction of the instanton












































































































where the coecients c
n
coincide for complete intersections in products of nonsingular
weighted projective spaces with the ones given in (2.4). Using the Gauss-Bonnet formula






























































































of the intersection numbers and the generators of the Mori cone l
(i)
. These identities
hold also for the canonically resolved manifolds, if the complete intersection had canonical


















The imaginary part of the constant c^ can be identied with a -model loop contribu-
tion and is proportional to the Euler number of the manifold. The constant of proportion-
ality seems to be universal and has been calculated explicitly for the quintic hypersurface
in IP
4








) = 0 is a necessary













+ 1 as mentioned before.




in (4.15) are irrelevant for physical quantities, they
are important for xing an integral symplectic basis for the period vector. In fact we




for the one moduli cases [13][14] is also correctly reproduced
in the third line. The constants in front of the rst subleading terms in (4.17) do not
correspond to a choice of an integral basis as can be seen by comparison with (4.13).
Especially the constants a
ij
do not seem to be directly related to topological numbers;
in fact there are no further at our disposal. They have to be xed by analysing the






+ 1 on (4.15) is
obvious. The requirement that it is integral and symplectic yields restrictions on a
ij
, e.g.








)mod Z )). The integer part
is irrelevant as it can be absorbed by an SP (4;Z ) transformation, hence the basis can be













F at the point of maximal unipotent monodromy in a integral sympletic basis is a general
feature.
The instanton part of the Yukawa couplings comes from stationary points of the
classical string action, which correspond to holomorphic mappings from IP
1
to the CY
manifold. In the coordinates t
i
























































































) gives the correct combinatorical
contributions from multi-covers of the curves s.t. the integral d of the Euler class over
the compactied moduli space M
C
d
of holomorphic maps of multi-degree d from IP
1
[47]







to be integers, for isolated curves they just count their numbers. In [16] examples of
negative invariants n
r
were found. They admit only the interpretation that there are non-






in the second line is due to the integral of the part of the moduli space describing the
reparametrisation of IP
1
, as was explained for isolated curves in [48].
5. Selected examples
(i) As our rst example we will calculate the topological invariants n
r
for the manifold





















































as one may verify. The fact that













(2.5), is a nontrivial check on the mirror hypothesis. Using (4.18) one obtains concise


























































from which the topological invariants n
r
follow by comparison with (4.22). Below we










































is a basis of a subspace of H
2












In [10] a three generation model ( =  6) was constructed, by dividing the manifold




symmetry and resolving the singular quotient. The group G



































) ( = exp
2i
3
), with three xed tori T
i




































). This action is only compatible with a subspace of the moduli









































To relate this description to (3.4), one relates the variablesX
1;i
(i = 1;    ; 4) andX
2;j
(j =
















































































































Furthermore we see that (3.12) is invariant under G, which implies that the subsystem of
17
the moduli space we are considering is in the invariant sector of G and part of the moduli
space of the three generation model.
The mirror manifold can also be constructed as the quotient of (5.4) w.r.t. the group

















































) with  = e
2i
9
m;n 2 Z . The full invariance group













































), k 2 Z , i.e. we have the same identication
of the parameter space of the mirror manifold as we found for (3.12).
We can always nd a map analogous to (5.5) which maps the Laurent polynomials
P
1
; : : : ; P
l
to quasi-homogeneous polynomials p
1
; : : : ; p
l
. In terms of those the fundamental
period w
0























with integration contours jx
i;j
j = 1. While we can always dene a map such that w
0
is
given by this expression, in most of the cases however this map cannot be chosen such that
the polynomials p
1
; : : : ; p
l











An example of such a case will be given at the end of section six.
Let us demonstrate the direct calculation of the discriminant locus for the manifold




















= 0 and that all 22 sub-determinants of the
















= 0 (no sum) vanish simultaneously.














; : : : ; b
3











































































































= 1. There are several ways to satisfy the second set of
equations. E.g. if we choose to satisfy them by equating the expressions in parantheses to








































































) = 0. This leads to 1 27 z
2
= 0. Other




















































The quotient of this manifold w.r.t. the Z
3



































) ( = e
2i
3




yields a simple realisation of a three generation compactication, which is dieomorphi-
cally equivalent to the one discussed in (5 i). A preliminary phenomenological discussion
was given in [49] and [50]. For the above conguration all complex structure deforma-
tions can be represented as monomials. Hence the full moduli dependence of all Yukawa
couplings and the Kahler potential for 27's and 27's can be in principle calculated by a
straightforward, though very tedious, application of the methods described in [16] and [15].
The vertices of the dual polyhedra are now 

1;1


















































































































































































= (1; 0; 0); ~e
2
= (0; 1; 0) and
~e
3
= (0; 0; 1) for the vertices in the three sets. The linear relations between the 

are then
in accordance with the general formula (3.9) and read
l
(1)
= ( 3; 0; 1; 1; 1; 1; 1; 0; 0; 0; 0) l
(2)
= (0; 3; 1; 0; 0; 0; 0; 1; 1; 1; 1): (5:11)































































  2)u  3 (3 
2






The results are of course again independent of the way we group the vertices into three sets,




































where the general component of the discriminant surface is 
0





second component reads 
1
= (1   27z
1













exchanged. Due to this symmetry we list


























The number of curves up to degree three agree with those calculated by algebraic
counting methods in [21]. This calculation conrms the lines (0; 1) and the degree (0; 2),
(2; 1) curves on this CICY. According to [21] there are no (0; 3) curves and 567 degree
(1; 1) curves, leaving aside the possibility of nodal cubics and degenerate rational curves




= 18 was calculated as the Euler number of the tangent bundle of the moduli
space of a family of nodal cubics.
In Appendix B we present general formulas for the predicted numbers of lines for all









these formulas, we utilized formula (4.18) for the instanton corrected Yukawa couplings.
Next we will treat two examples, which involve a somewhat more complicated factori-
sation procedure, but skip in the following most of the details.



















the linear dierential operators (3.9) are, after trivial factorization, of fourth and third



















































Due to their complexity, we refrain from giving the Yukawa couplings explicitly. The
expansion of the prepotential by (4.19) does not require their knowledege. From the rst
20



















































































we can read o the number of lines of degrees (1; 0) and (0; 1) as 180 and 48, respectively.































1 1 1 1 1























































































































































































here the summation indicated with
0
is over distinct indices only.












































































































































; i = 1; 2; 3) can be factorized








































and will thus list the non-zero invari-













































In section (7) we discuss also the invariants associated to the elliptic curves of this three
moduli example.
The closed formulas (4.18) and (4.19) can be easily evaluated for general toric varities
with higher dimensional moduli space provided the generators of the Mori cone l
(i)
(cf.
[16]) and the intersection numbers in the corresponding basis are known. By (4.22) they
become a very useful tool for enumerative geometry.
We will demonstrate this in the following for a complete intersection with a six di-
mensional Kahler moduli space.

























































straightforward evaluation of (4.19) gives immediatly the prepotential, which reads up to






























































































here again the primed sums are to be taken over distinct indices only. From this expression
we can readily predict the number of lines n
r
1;0;0;0;0;0







= 16 and n
r
1;1;1;1;0;0
= 80. Other invariants follow by permutation. There are
no curves of degree (2; 0; 0; 0; 0; 0), (3; 0; 0; 0; 0; 0) and (4; 0; 0; 0; 0; 0). The expressions for
the Yukwa couplings and the Weil-Peterson metric in the large radius expansions follow
from (4.11) and (4.12).
We use our next examples to demonstrate that the analysis of the large complex
respectively Kahler structure limit in the previous section and formulas (4.18),(4.19) have
an application also to embbedings in toric varieties with Gorenstein singularities.
(vii) We consider rst the hypersurface of degree 18 in the weighted projective space
IP
4
[6; 6; 3; 2; 1], which reads in the shorthand notation (2.1) as ( IP
4




This model was discussed qualitatively in the context of topology changes by ops in [31],
but it was not solved.
Generally, for quasi-smooth hypersurfaces and complete intersections in weighted IP
n
the singularities of the ambient space intersect the Calabi-Yau hypersurface X in sets of
codimension two and three, see eg.[32][25].
In our example we have a singular curve C
1
in X with a ZZ
2
-action on its normal
bundle, which lies inside the singular stratum where the third and the fth homogeneous
coordinate of the weighted projective space are set to zero. The resolution introduces a
IP
1
bration over that curve, which gives rise to one exceptional divisor D
1
. Similarly,



















resolved space. The singular curves meet in three ZZ
6



















. Hence we have, including the divisor D
0
from the Picard group of the singular
space, a seven moduli case.
The toric describtion of the mirror pair in terms of reexive polyhedra was given in
[26], and reviewed in [16][31]. Associated to the manifold X and its mirror X

are the
simplicial polyhedra  and 






























































Five points in the dual polyhedron 

, namely the point in its interior; 

0
= (0; 0; 0; 0) and










= ( 4; 4; 2; 1) and on the face of codimension two: 

9
= ( 1; 1; 0; 0) can be
identied with the (exceptional) divisors of the Calabi-Yau hypersurface X. Only for
these divisors the toric describtion of the Kahler cone and its dual, the Mori cone, can be
applied
10
. We prefere to work with the Mori cone as its generators are directly related
10
This technical complication could have been avoided if we had instead considered the model
23
to the expressions for the PF equations and the denition of the local coordinates for the
large complex structure limit.
The Z
6
singularity of type C
3






























g do not generate

























) is six, which is the order of the dening group for this singularity. \

contains the point 

6






g, which can be identied with the exceptional
divisor D
1
in the resolution over the curve C
1






























g corresponds to only one divisor D
4
in the resolution of three Z
6
singular points. In the formula for the dimension of H
1;1
(X) [26] the multiplicity three is
taken into account by an additional term, which multiplies the interior points in the three
dimensional cone  with the number of points on the interior of its two dimensional dual,




g. So it contains two points

1
= (1; 0; 1; 1) and 
2
= (0; 1; 1; 1).






























































































































































































































































































for the dierent resolutions. The generators of the Mori cone l
(i)
and the Picard-Fuchs
system in the corresponding large complex structure coordinates z
i
can be obtained for
each subdivision by the methods described in [16]. They will of course depend on the
subdivision.
The subdivions are connected by ops, e.g. subdivision B is obtained from subdivi-
son A by the op, which blows down the IP
1










g in subdivision A and subsequently blows up the IP
1
associated with the









g in subdivision B. We therefore expect simple
relations of the generators of the Mori cones and large complex structure coordinates for












[1; 2; 3; 12; 18] jj 36 )
5
 360
, which has same type of singularities, but all divisors can be described
by toric geometry in this case.
24




= ( 3; 1; 1; 0; 0; 1; 1; 0; 1; 0); l
(2)
A




= ( 0; 0; 0; 0; 0; 1; 1; 0; 1; 1); l
(4)
A




= ( 0; 0; 0; 0; 1; 0; 0; 2; 1; 0)
: (5:24)



















-hypergeometric system (see e.g. [26][16] for
details). Every linear relation among the 

i
, not just the the ones encoded in the l
(i)
A
(comp. (3.2)), denes a linear dierential operator of this system, which is satised by all
periods. It should be mentioned again that this system is not equivalent to the Picard-
Fuchs system, the nontrivial task will be to nd, possibly after factorisation, a minimal
systems of dierential operators which uniquely determine the 2k + 2-dimensional period
vector in the domain containing the points z
(A;:::;E)
= 0. These systems are equivalent to
the rst order Gauss-Manin systems in these domains and all other dierential operators
are elements of the local left ideal associated to it (comp. section four). As we will see,
the minimal numbers of dierential operators generating this ideal can vary from domain
to domain. The consideration of the rings R
(A;:::;E)
will be essential in order nd these
generators.
From the fact that the free polynomial ring C[
(A)
z
] has to be truncated at degree two
from veteen to ve elements by the principal part of the linear dierential operators, we
know that there must be ten second order dierential operators. Indeed we nd that the




































































































































































































































































can be readily translated to logarithmic derivatives
in the z
i












. Via this relation we also see that we can factor
a 
1







































































), s = 1; : : : ; 10 obtained from (5.25),(5.26) to
ve elements at degree two, one can easily check that we have still two elements at degree




leads, after factorization of 
1






































] it to one element at degree three and no element at any higher
order. Now we can construct, as in chapter four, via the ring R
(A)
the period vector and
calculate the prepotential explicitly. The classical intersection part and the corresponding
expression for the deformed prepotential can be found most simply from (4.18) to be, up





































































































































































































































































































We can next use the mirror hypothesis to interprete the coecients of the cubic terms in
t
i
of (5.28) as triple intersection numbers of H
2
(X;Z ). Note that all triple intersection
numbers are positive, as expected in the bases J
i
which generates the Kahler cone. The
linear and the quadratic terms in the t
i
obtained by (4.20), (4.21) can be compared
with the classical calculation of these topological numbers performed e.g. in [25]. These
formulas relate all topological data and the l
(i)
and provide an excellent check for our
calculation. As it stands, the classical part of F
(A)
does not refer to the basis of divisors
D
i
for which these intersection numbers can be directly obtained by the formulas for
resolved complete intersections in toric varieties summarized e.g. in [16][25]. To make the






















, i.e. from the z
(A)
i
variables to the complex structure deformation















Note that this reparametrisation is quite dierent from the transformations into dierent
domains, discussed below, because we still keep z
i
= 0 as the point around which we expand our
solutions of the PF-equation.
26




















































































































































































which is in agreement with the formulas of the classical intersections in the basis of the
D
i










g are multiplied by three in F
(A)
cl
. This is due to the fact that the Z
6
-
xed point has multiplicity three and the toric description of this singularity by  refers to














of the exeptional divisors over the three













6 if i = j = k
0 otherwise
.
To investigate the theory in dierent domains of the moduli space we note the sim-
ple transformation property of the 
i






































are interested in transformations which lead outside the Mori cone, i.e. in which not all
entries of the matrix m are positive. A quick look at (5.25) and (5.26) reveals that
the possibilities for such transformations are rather restricted if we insist in a completely
degenerate large complex structure limit in the new domain B, i.e. a ring structure R
(B)
with the properties discussed in chapter four. For instance, we cannot just invert z
5
(which






) without generating inhomogeneous (in
) terms in I(
z
). which is incompatible with the required ring structure of R. It is easy










, accompanigned by trans-
formations of the other variables. These transformations correspond to the ops leading
to the coordinate patches described by the Mori cone of subdivisons B, C, D and E. They
form part of the secondary fan as described in [30].
We start with the inversion of z
2
, which leads to subdivisionB for which the generators





































: Note that the matrixm for a single op squares to unity and the principal parts
of the transformed system truncates C[
z
] at degree two to ve elements but two elements



















































which factorizes to a third order operator L
(A)
12








































no further operator has





















































































































































































































,: : : ,L
(A)
15
contains the information, which is necessary to extract the
prepotential in all large complex structure regions. The basis of solutions given in (4.10) can
now be obtain explicitly in all regions. As they are all solutions to the same system
of Picard-Fuchs equations, expressed in dierent patches of the moduli space, they are
analytic continuations of each other with trivial monodromy. Especially the prepotentials
F
(A;B;C;D;E)
encoded in the 2k + 2 component of (4.10) is the same analytic function
whose expansion in the domains corresponding to the dierent resolutions can be evaluated
with the attached program. Also, for F
(B;C;D;E)




















basis, the classical intersection numbers as calculated
e.g. by the formulas of [16], with the enhancement factor three for intersections among
divisors on the triangle.
We also checked, up to order eight, that the expansions of F
(A;B;C;D;E)
are compatible
with an integer expansion for n
r
in (4.22). E.g. from F
(A)





i 1 2 3 4 5 6 7 8
n
r
27  54 243  1728 15255  153576 1696086  20053440














There are no curves of degree (0; i; 0; 0; 0), (0; 0; i; 0; 0), (0; 0; 0; i; 0) and (0; 0; 0; i; i) for i > 1
and no curve (0; 0; 0; 0; i) for all i. By comparingwith the expansions in the dierent regions
we nd that the three rational curves with degrees (0; 1; 0; 0; 0); (0; 0; 1; 0; 0); (0; 0; 0; 1; 0)
and (0; 0; 0; 1; 1), respectively, are those which are shrunk to zero volume and whose cor-
responding invariant changes sign under the process of the four possible op operations
interrelating them, starting from resolution A (cf. the discussion in [31]).
For certain directions in the Kahlercone e.g. (i; 0; i; 0; 0) one has a periodicity in the
invariants n
r
= 108; 108; 144; : : : as in the cases (5 i,ii,iii,v) before. It is remarkable that in
all cases, where we obtain periodicity, always one of the numbers, the third in the scheme
a; a; b : : :, is the negative of the Euler number of the manifold X.
(viii) So far we have considered complete intersections in nonsingular ambient spaces and
in the last example as well as in [16], hypersurfaces in ambient spaces with Gorenstein
28
singularities. Let us investigate in the following the more general situation of complete
intersections of codimension n   3 in an n dimensional singular ambient space and take
the following hypersurface and complete intersection two moduli cases as examples:
A : ( IP
4
[2; 2; 2; 1; 1] jj 8 )
2
 168
B : ( IP
5
[2; 2; 2; 2; 1; 1] jj 4; 6 )
2
 132
C : ( IP
6





They all have polynomial constraints of Fermat-type and exhibit the simplest singular
locus, namely a singular curve with an ZZ
2
-action on the normal bundle induced from the
ambient space, whose resolution gives as exceptional divisor a IP
1
bundle over that curve.





we can dene, in generalization of (5.22), an n-dimensional pair of simplicial reexive
polyhedra ;















































































in an n dimensional lattice. For all three examples we have, beside the orign 

0
= (0; : : : ; 0),





= ( 1; : : : ; 1; 0). Extending the lattice
by n  3 dimensions, as described in section three, we nd the linear relations among the
extended lattice sites 

i
, which are summarized in the l-vectors
A : l
(1)
= ( 4; 1; 1; 1; 0; 0; 1); l
(2)
= (0; 0; 0; 0; 1; 1; 2)
B : l
(1)
= ( 2; 3; 1; 1; 1; 1; 0; 0; 1); l
(2)
= (0; 0; 0; 0; 0; 0; 1; 1; 2)
C : l
(1)
= ( 2; 2; 2; 1; 1; 1; 1; 1; 0; 0; 1); l
(2)
= (0; 0; 0; 0; 0; 0; 0; 0; 1; 1; 2)
(5:34)
(The above choices for the generators l
B;C
do not uniquely dene the nef partition of the
lattice points of 

.) The associated GKZ-system factorize in all cases to a third and








































































while the terms proportional to z
1
signal a dierent structure for the expansions of the








! 0, namely six pure power series solutions for























































and the components of the discriminant 
0













= (1   4z
2
) can
be parametrized by  = 256; 108; 64 for the three cases in turn.
Using the model specic data (5.34)-(5.36) in our general formulas, we get the fol-
lowing predictions of the topological data and the invariants of the rational curves listed




































A :  168 56 24 8 4 640 10032 72224 288384 7539200 4
B :  132 60 24 12 6 360 2682 17064 35472 770280 6
C :  112 64 24 16 8 256 1248 7232 10496 197632 8
In all cases we observe that n
r
0;1












8i > 0; j  [i=2]. Furthermore












are the invariants for the rationals curves of the
models ( IP
5
















are the ones for
A, B and C respectively. The invariants of the elliptic curves will be evaluated in section
7. As before, we have checked that the topological numbers coincide after the change of
basis with the ones calculated in [25].
In the general case the Picard-Fuchs equation will not follow as easy as above by
factorisation of the GKZ system. Rather the analysis of additional symmetries of the period
will be necessary similar as it is described for hypersurfaces in [16]. On the other hand the
examples indicate that our description of the instanton corrected Yukawa couplings also
apply to the rich class of complete intersections with Gorenstein singularities.
The higher degree invariants for all complete intersection in products of weighted
projective spaces and for all other examples discussed in this section can be evaluated by
the programm INSTANTON.
6. Connection with rational superconformal theories.
In this section we like to comment on dierent realisations of equivalent manifolds
and their relation to exactly solvable superconformal theories. The sigma model on a
Calabi-Yau manifold can be identied with a (2; 2) superconformal two dimensional eld
theory, whose partition function and correlation functions are sometimes known exactly,
at least at a special point in moduli space. Although more general identications should
exist, in the known examples the SCFT is a GSO projected tensor product of minimal
(2; 2) superconformal eld theories [52]. The classication of the latter follows an ADE
30
pattern and there is a one-to-one correspondence to the classication of modality zero
ADE singularities. The dening equation of the latter can be viewed as Landau-Ginzburg
potentials for two dimensional (2; 2) supersymmetric eld theory having the SCFT as its
infrared limit. The partition functions [53] of the ADE superconformal models at level k,



































; k = 28
(6:1)
and for tensor product models the LG potential is simply the sum of the corresponding









is the sum of the central charges
of the factor theories and has to be nine to cancel the conformal anomaly.
In [55] a large number of identications between GSO projected partition functions

























argue that this implies an identication of the full string theory at a special point in




[2; 2; 2; 1; 1] jj 8 )
2
 168























To see this one has to perform a geometrical analog of the GSO projection in the
tensor product theory on the LG model. One can either apply an heuristic path integral
argument due to ref. [56][55], or gauge the LG model as proposed in [57]. Both operations
involve, similar to the GSO projection in the tensor product model, an orbifoldisation and
one has to be careful to end up with the same symmetry group as in the SCFT. Before
GSO projection one has in the SCFT a Z
k+2
symmetry in each factor model for the A
k
theories and for the D
k
theories if k 2 4Z +2. These symmetries are readily identied with
the symmetries generated by z 7! exp
2i
k+2
z and z 7! exp
4i
k+2
z; y 7! exp
 2i
k+2
y on the LG




models, respectively. The GSO projection on the tensor product
theory is implemented by orbifoldisation with respect to the diagonal subgroup which in




. The symmetry group of the GSO projected theory will












, where S is permutation of identical factors. In




with constant Jacobian such that the LG potential becomes linear in one or more of the

i
. They can be viewed as Lagrange multipliers and integrating them out restricts the eld




















, i = 2; : : : ; 5 with j
@
@x
j = const: precisely








= 1. Integrating out 
1
and going back to homogenous
variables yields manifolds of type X
1
, i.e. hypersurfaces in IP
4
[~w]. The diagonal subgroup
of the phase symmetries on the z
i
is now trivial in IP
4
[~w], so that we end up with the same
31
symmetry group as in the SCFT. Similarly, for the second type (G
2



























































remaining symmetry is again as in the GSO projected SCFT. By the same combinatorics
it is possible to introduce one or two gauge group operations respectively, which leave
the superpotential invariant and lead, by the argument of [57], to the same geometrical
interpretation.
Using the basis of divisors J;D for the singular hypersurface described in [16] and the
explicit formulas given there we can calculate the intersection numbers in this basis. The
evaluation of the second Chern form on J is given in formula (2.6). These data and their
















































































homotopy equivalent if these topological numbers coincide, up to a linear transformation of
the basis. Identifying J
1





(J D) we see that this is in fact the case. Model
X
1




are dieomorphically equivalent, by realising both as singular ber spaces where




with pairs of points identied on the latter. Similary we
can nd for the complete intersections B and C in one singular projective space, which
were discussed in (5 viii), dieomorphic realisations in products of nonsigular projective
spaces. We have the following equivalences
A : ( IP
4






















B : ( IP
5






















C : ( IP
6

















2 2 2 1
























= 0 also as four dimensional
hypersurface in the ve dimensional ambient space IP
5
(2; 2; 2; 2; 3; 3) with c
1
= 8 and consider as
in [58] a restricted cohomology of this space to dene the six periods, which leads to the same
prepotential and hence the same physical theory.
32
Let us discuss the solution for the model X
2




= (1; 0; 0; 0; 0); 

1;2
= (0; 1; 0; 0; 0); 

1;3




(0; 0; 0; 1; 0); 

1;5
= ( 1; 1; 1; 1; 0) and 

2;1
= (0; 0; 0; 0; 1); 

2;2
= (0; 0; 0; 0; 1). We


























as described in section three. This leads to
l
(1)
= ( 4; 1; 1; 1; 1; 1; 1; 0; 0) ; l
(2)
= (0; 2; 0; 0; 0; 0; 0; 1; 1) (6:3)














































Note that due to the freedom to rescale all variables and each polynomial, there are only









































lead, after trivial factorization, to
dierential operators of orders four (L
1




), respectively. A third order
operator L
1













. The Yukawa couplings for
the model X
2













































































= (1   4z
2
)
The resulting topological invariants for the rational and elliptic curves for the case A;B
and C in (6.2) are of course the same for both realisations. Model X
1
was solved in
[16],[15]. In fact, in [15] the degrees of the curves are given with respect to the basis
appropriate for X
2




















, which reproduces, via the integral (5.6), the expression
for w
0
. However, this conguration cannot be chosen to be transverse for generic points in
the two dimensional subspace of the moduli space under consideration. It is also interesting
to note that the coordinates used here and the one used in [16],[15] are connected by a
transcendental function.
A similar comparison can be made between the two models ( IP
4
























. At special points in moduli space they correspond to
















), respectively. One nds again
the relations J
1





(J   D) between the divisors and identical topological
invariants.
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7. Topological one-loop partition function and the number of elliptic curves
Knowledge of the periods and the canonical coordinates allows, up to the diculty of
xing an holomorphic ambiguity at each step, to recursively calculate higher loop topo-
logical partition funcions as was shown in [23]. To x the ambiguity we need as gobal
properties of the moduli space M the singularities discussed in sec. 4.
We will focus on the one loop case and calculate the expression dened in the N = 2
























where the trace is to be taken over the left- and right moving Ramond sectors. As shown
in [23] and [24] this quantity is, for the heterotic string with canonical embedding of the
spin connection into the gauge group, related to the dierence of the threshold corrections




































here g is the t;



















K. For -models on Calabi-Yau spaces




















In our application we will nally understand F
1
as a function of the Kahler moduli t;

t
which are related to a; a or z; z by the mirror map. To x the holomorphic ambiguity f(z)
one considers the large volume limit t;








































































































of the tangentbundle over the appro-




, respectively, to the
Calabi-Yau space. In the case of isolated curves they count the number of rational curves
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and elliptic curves respectively. Using (4.15),(4.12) one gets in the general case as the



































corresponds to the gauge choice with the fundamental period nor-
malized as in (3.5)
13
The holomorphic anomaly is determined by the requirement that F
top
1
has to be a regular function everywhere in moduli space except possibly at the components
of the discriminante surface determined by 
i
= 0, which can be directly determined from
the Laurent polynomial (cf. (5i)). Besides the components 
i
= 0 there appear also other
singular loci 
i
= 0 in systems of Picard-Fuchs equations, which can be understood as
identication singularities of the parameters space of the Laurent polynomial as it was














is regular at 
i
= 0 the Jacobian of the mirror map
(5.5) might have singularities at 
i























singularities are included in this ansatz. Inserting this ansatz in





manifold happens to be transverse at a = 0 the powers of the 
i
, which in this case only
have to compensate possible singularities of the Jacobian, can in principle be determined
by analytic continuation of the periods and hence the mirror map to the point a = 0. In






of a few elliptic curves of low
polydegree w.r.t. an integral basis of divisors, typically the fact they have to vanish, to x
all parameters and predict the other numbers.













; : : : ; k
n
in a single
weighted projective space. From [13][18][19]we have one component of the singular locus for






). We start with a short review of the one moduli hypersurfaces
in a weighted IP
4
, denoted by X
k
(~w). In this case 
0
is the only component of the singular
locus and it was observed in [23] that r
0
=  1=6 for all cases yielding the following





















 200 50 0 0 0 609250 37214316625
X
6
 204 42 0 0 7884 145114704 1773044315001
X
8
 296 44 1 0 41312 21464350592 1805292092664544
X
10





depends of course on k parameter a
i
i = 1; : : : ; k. By the C

symmetries, acting on the
parameters of the Laurent polynomials, we can set l   k of the a
i
appearing in (3.5) to one, if
the number of polynomial constraints l exceeds k.
35
Similarly for the one moduli complete intersections in ordinary projective spaces (cf.
[18]) we found r
0
=  1=6 and the s
1
value indicated in the following table. This result was
obtained by requiring n
e
1
= 0, which holds for intersections in ordinary projective spaces,
and imposing (7.5). Note that these manifolds are not transverse at 
2
= a = 0. In order







j = 1 j = 2 j = 3 j = 4 j = 5
X
3;3
 144 54 11 n
r
j











































0 0 0 14752 8782848
For the complete intesections in weighted projective spaces (cf. [19]) we found that
r
0
=  1=6 likewise and s
1
































0  504 1228032 79275665304
X
4;4






8 258336 5966034464 1267294361302800
X
6;6
 120 22 9 360 40691736 4956204918240 616199133057629184
All invariants of the X
6;2
model are consistent with the indentication of this model with
the one parameter subspace of ( IP
4
[6; 2; 2; 1; 1] jj 12 )
2
 252























= 480 for the two parameter hypersurface (comp.
[15]). We also checked that the identication of X
6;4
with the one parameter subspace
of ( IP
4
[4; 3; 2; 2; 1] jj 12 )
2
[16] holds at the one loop level. E.g. the lowest invariants of


























j > 3i; they reproduce the rst two entries for the X
6;4
model above.
In summary the topological one loop partition function for the one parameter models







































Next we treat a hypersurface X
14
(7; 2; 2; 2; 1) with two moduli. The singular locus is,




= 0, given by

0
































Equation (3.6) and the analog of (3.3) from [16] l
(1)
= ( 7; 0; 1; 1; 1; 3; 7) and l
(2)
=















by which we transform
the expressions of singular components (7.10) to the a
i
variables. Beside this components








= 0. For the further calculation it
turns out to be advantegous to get rid of the denominators in the transformed expressions


































are the basis which generates
H
2
(X;Z ). It is connected with the (1; 1) forms dual to natural basis of the divisors in the
polyheder construction J;D used in [16], by J
1












































= 0. Other numbers of elliptic curves n
e
i;j
with i < 3 are then given in the following





























0 0 0 0 0 378 6496 27564






= 0 for j > 7i. The identication










[1; 1; 1; 1; 4] jj 8 )
1
 256
observed in [16] can also be checked at one-loop level.






























) was obtained in [16]. The evalua-


















Note the scale factor 7 introduced in [16] in order to simplify (7.10).
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is encoded in the l
(i)

























, leaving us with one unknown constant s
1









) = 0. The following table contains the numbers of rational and elliptic

































































































































For the three generation complete intersection case (5 i) the relevant components of











= (1   27z
2


































  27) = 0 we get
s
1



































For the Tian-Yau manifold example (5 ii) the discriminant can be read o from the
Yukawa couplings 
0
































. The following predictions are
































Note that invariants n
e
0;i






of the present one.



















































































(7.8) and work throughout with the large complex structure parameters z
i
, which is
possible as the z
i
are the good coordinates on M (cf. sect. 3).












0 we have again r
0







) = 0 we get the following































We nally evaluate the invariants of the elliptic curves for the hypersurface and the
complete intersections in one singular projective space discussed in (5 viii). The topological































=  3 i = 3  1280 2560 2560
















=  3 i = 2  16 48  16






















=  3 i = 4  280 1120 13072
i = 5  20992 119808 429608
The invariants for case A are in accordance with [15]. Also for the complete intersections
we obtain for the invariants n
e
i;j







Comparison with the models ( IP
5










jj 2; 2; 2; 2 )
1
 120









, which is an armative consistency check of the
calculations at one loop level.
In all our examples we observed that the holomorphic anomaly is of index r
0
=  1=6 at
the general component of the discriminante. This also holds true for examples with higher
dimensional moduli spaces and for models with a somewhat dierent type of singularity
such as ( IP
4





[12; 8; 2; 1; 1] jj 24 )
3
 480
. This is related to the fact
that the manifolds approach always a nodal conguration along this component of the
discriminant. The exponent of the holomorphic ambiguity seems to be universal for this
type of singularity.
8. Discussion
To extend the discussion of mirror symmetry to CICY manifolds with higher dimen-
sional moduli spaces, we have described how to set up the Picard-Fuchs equations and
specied the point of maximal unipotent monodromy. We have developed a convenient
way to construct all its solutions around this point by showing the equilvalence of the
solutions with the elements of special representatitves of the ring R. In fact, the top ele-





X;Z ). We have found very simple formulas for the instanton corrected
intersection numbers from which the number of rational curves can be obtained, always
assuming that mirror symmetry is correct. In this paper we have focussed on the region
of the moduli space of large Kahler and complex structure. The extension to the whole
moduli space requires analytical continuation of the periods. This is in principle straight-
forward using an integral representation of the solutions of the Picard-Fuchs equations.
40
Technically this is however rather involved and was performed so far only for one moduli
cases [11][13][14] and for two types of two moduli models [15].
The form of the topological partition function is xed by the holomorphic anomaly
equation up to a holomorphic function. To specify the latter we had to analyse their
asymptotic behaviour at the singular locus of the Picard-Fuchs system. In general we had
to use the vanishing of the elliptic curves of low degree to provide this information.
From a more technical point of view the method described here requires, for the pre-
diction of the instanton expansion in the large Kahler structure limit, only the generators
of the Mori cone l
(i)
and the associated intersection numbers. Given these data the ex-
pansion for the corrected Yukawa couplings and the prepotential can be simply obtained
via (4.18) (4.19). As it bypasses the evaluation of the Yukawa couplings on the complex
structure side it is applicable to higher dimensional moduli spaces where the evaluation of
these complicated algebraic expressions is extremely tedious. It should be clear by example
(5 vii) and (5 viii) that the data mentioned above can be provided more generally for the
moduli associated to algebraic deformations in the general class of Calabi-Yau manifolds
representable as hypersurfaces or complete intersections in toric varieties
15
. It would be
interesting to see if these data can also be obtained for the twisted sectors of the models
in the above class and for those of the 3345 Landau-Ginzburg models with more then
ve elds constructed in [62], which can not be reduced to CY-threefolds as the exam-




The calculation of the prepotential was discussed. This problem can also be considered
from the point of view of topological eld theory. In fact in many cases the prepotential
can be obtained from the axioms of topological eld theory contained in the Witten-
Dijkgraaf-Verlinde-Verlinde equations [63]. However for this approach the Calabi-Yau
manifolds are a critical case because here the operator algebra of topological eld theory
is nilpotent, at least if we restrict ourself to the massless perturbations. For the threefolds
the information from the WDVV equations just denes special geometry, but do not give
further information on the prepotential.
From the identication of the two hypersurfaces ( IP
4






[6; 2; 2; 1; 1] jj 12 )
2
 252
with complete intersections, which was also conrmed by com-
parison with the Gepner models, we are taught to view the system L
1
; : : : ; L
k
, which
contains (at the point z = 0) the information about the ring R, the object of primary
interest.
Going one step further back one may see as the basic input the data of a Riemann-
Hilbert problem with sympletic integral representations of the monodromy and singular
points, where the solutions are characterised by a graded ring whose homogeneous sub-
spaces are of suitable type. In fact these data seem to encode all topological data required
for the classication of the homotopy type of families of Calabi-Yau manifolds by the the-
orem of Wall and might lead to a rened classication of N = 2 vacua of string theory and
15
In fact, the methods can be easily extended to evaluate threepoint functions on higher di-
mensional Calabi-Yau spaces with higher dimensional moduli spaces [60]. Some results for one
parameter families were obtained in [61]
41
Calabi-Yau threefolds.
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Appendix A. The pole structure in the coecients of the logarithmic solutions
to the Picard-Fuchs equation
In this appendix we exhibit the pole structures of the logarithmic solutions of the
Picard-Fuchs equations.















g) j = 1; : : : ;number of polynomials

































where the sum is over all non-negative integers n













































































































































































































We have changed the sign of the components l
()
0j
as compared to (3.3) for notational
convenience.
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 (1  m) =  (m) +  cot(m)
 
0


















We now consider the cases (I), (II) and (III) in turn:
(I) If we have more than one  m
k
< 0, then c(n) has a double zero. A
()
however only
has a simple pole, i.e. we have to consider only the case where  m
k























































































and B have double poles, we have to distinguish two possibilities:
(i)  m
k
< 0 for one k only
(ii)  m
k


















































































































(III) We now have to distinguish three cases:
(i)  m
k
< 0 for one k only
(ii)  m
k











































































































































































































































































































































































































































) = (3; 0; 1j0; 3; 1) ;
(0; 2; 2j2; 2; 0) ; (2; 1; 1j2; 1; 1) ; (2; 1; 1j1; 2; 1) ; (2; 1; 1j0; 3; 1) ; (2; 1; 1j0; 2; 2) ;













, respectively, are given generally
by

























































































































































































































































(2; 2j0; 3) ; (3; 1j0; 3) ; (2; 2j1; 2) ; (4; 0j1; 2) ; (1; 3j2; 1) ; (3; 1j2; 1) ; (0; 4j3; 0), can be



























































which are treated in sect.7.
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